In this article, the second order digital filter with two's complement arithmetic in [1] is considered. Necessary conditions for the symbolic sequences to be periodic after a number of iterations are given when the filter parameters are at 1   a b and
. Furthermore, for some particular values of a, even when one of the eigenvalues is outside the unit circle, the system may behave as a linear system after a number of iterations and the state vector may toggle between two states or converge to a fixed point at the steady state. The necessary and sufficient conditions for these phenomena are given in this article.
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INTRODUCTION
A nonlinear behavior may occur on a second order digital filter when the filter is implemented using a two's complement arithmetic for the addition operation. To analyze such a behavior, a symbolic analysis was proposed and the admissibility of the symbolic sequences was studied for the special case when b=-1 and |a|<2 [1] [2] [3] [4] 7] .
However, even when the symbolic sequence is admissible, there are many possibilities. In order to study the various possibilities, the set of admissible sequences can be partitioned into three subsets: One set contains periodic symbolic sequences. The second set contains symbolic sequences that are periodic after a number of iterations. The third set contains symbolic sequences that are never periodic. Some results on the first two sets were obtained for b=-1 and |a|<2 [1] [2] [3] [4] 7] .
These results have been extended for other real values of a, while the value of b is still equal to -1 [5] .
However, will those existing results remain valid if the filter parameter 1   b ?
Specifically, we are interested in the nonlinear behavior which may occur when In section 2, we will present the notations used in the existing literatures [1] [2] [3] [4] [5] [6] [7] , and this article will also employ the same set of notations. In section 3, some new results on the above problems are presented. Finally, a conclusion is summarized in section 4. 3 
NOTATIONS
The notations used in [1] [2] [3] [4] [5] [6] [7] are adopted as follows:
The system is defined as: 
where
where m is the minimum integer satisfying
and  
Given an initial condition
be generated by the map  
: S I
, and a sequence s in  is admissible if
The set  can be partitioned into three subsets:
, the nonlinear system in (1) can be represented by the state equation
. Hence, the solution of the system is: 
Then we have:
If, after a number of iterations, the state vector is periodic with period M, then the symbolic sequence will also be periodic with the same period, that is, 
Proof
For
and this proves the if part.
For the only if part, since    
, we have: 
Example 1
Consider the system , where . Figure 1 shows the phase portrait of the system. It can be seen from the figure that the state vector toggles between two states at the steady state on a particular straight line 
Proof
For the if part, since 
For the only if part, since
. As a is an odd integer, so 0  a . As a result, we have   1
and we prove the only if part.
Remark 3
fixed point after a number of iterations when the parameter a is an odd integer. It is interesting to note that this fixed point is  
Example 2
Consider the system
, where
. Figure 2 shows the phase portrait of the system. It can be seen from the figure that the state vector converges to a fixed point
Remark 4
The above results are obtained when
? We can show that results similar to lemma 1 and theorem 1 can be obtained as lemma 2 
Remark 5
Since one of the eigenvalues is unstable, one may predict that the periodic orbits are unstable. However, a counter-intuitive result is found that the periodic orbits are stable if a is an odd integer. The result is stated in observation 1 below:
and a is an odd integer, the state vector toggles between two states at the steady state on a particular straight line To demonstrate this phenomenon, a random initial condition   0 x is generated in 2 I , it can be shown in figure 3a that the state converges to a period-2 signal. However, when a deviates from an odd integer a little bit, the state neither converges to a periodic signal nor a fixed point, as shown in figure 3b.
Lemma 2
For 1    a b , if    Ζ M such that                        M k x M k x k x k x 2 1 2 1 for 0 k k  , then             0 1 2 1 2 0 0 1 1 1 1 1 0 1 2 1 0 0 0                               M k k j j j M k j j j M s a a s x x a .
Theorem 3
For 1    a b and 1 1   a , 0  k s for 0 k k  if and only if   0 Ζ 0    k such that     0 2 0 1 k x k x  .
Example 3
Consider the system . Figure 4 shows the phase portrait of the system. It can be seen from the figure that the state vector converges to a fixed point on a particular straight line 2 1 x x  of the phase portrait.
Theorem 4
and a being an odd integer, there does not exist
we have: . Figure 5 shows the phase portrait of the system.
Observation 2
and a is an odd integer, the state vector converges to a fixed point on a particular straight line 
14
To demonstrate this phenomenon, a random initial condition   0 x is generated in 2 I , it can be shown in figure 6a that the state converges to a fixed point.
However, when a deviates from an odd integer a little bit, the state does not converge to a fixed point, as shown in figure 6b . analyzed and some necessary conditions for the symbolic sequences to be periodic after a number of iterations are given. The necessary and sufficient conditions for the system to behave as a linear system after a number of iterations and the state vector to toggle among several states or converge to a fixed point are given.
